Question 1

Question 1

1. Let f(x) = € — 1 and let f~" denote the inverse function. Then
(F)(e 1) =

1
fr(f=2(a))

> We have the formula (f')'(a) = . We apply this formula with

a=ée -1
» Since f(2) = e2 — 1, we have f_1(62 =2
> f'(x) = €, therefore f/(2) = &%

» The formula says that
1 1 1 2

V=D = e ~rp) — @ -
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Question 2

Question 2

2. Solve the following equation for x:

In(x+4)—Inx=1.
» Amalgamating the logarithms, our equation becomes:

In (X+4) =1.
X

» Applying the exponential to both sides, we get

(X )
= =
X

» Multiplying both sides by x, we get x +4 = ex and x — ex = —4.
» Therefore x(1 — e) = —4 and
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Question 3

Question 3

3. Find the derivative of (x* + 1)’(2“.

> We use logarithmic differentiation. Let y = (x* + 1)X2+1. Then
Iny = (x* +1)In(x* + 1).
» Differentiating both sides with respect to x, we get

2
%% - d%(x2+1) In(>x*+1) = 2x|n(x2+1)+% = 2 [In(x*+1)+1].

» Multiplying both sides by y, we get

dy 2 2 X241 2
&:y2x[|n(x +1)+1] = (x* + 1) 2x[In(x* + 1) + 1]
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Question 4

Question 4

4. Find f'(x) for
f(x) = In(2* + x) + arcsin(e®)
d(2¥ 4 x)/dx d(e*)/dx
2X 4 x 1— (ex)z'
> _ 2%In2+1 n e*
22X+ x V1—e*

> f/(x) =
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Question 5

Question 5

1
2
5. lim (cosx)™ =
x—0F

» This is an indeterminate form of type 1°°.
1

] % ] In(cos x lim ., In(cosx)
> We have lim (cosx)” = lim e & =e x20" 7.2
x—0t x—0F
/ fim Gosx(—snx) lim — tanx
» = (byl'Hop) e"™x—ot b2 — Mot ~ax
H 7SEC2X
> — (byl/HOp) el'mx—>0+ > —e 1/2
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Question 6

Question 6

6. The integral

/2
/ x cos(x)dx
0

» We use integration by parts with u = x, dv = cos xdx. We get du = dx
and v =sinx.

» Recall that /udv = uv—/vdu. Therefore

/2 /2
— / sin xdx
0 0

/2
/ X cos xdx = xsin x
0

—Tan T _o_T— w2 _ T ™ _
> f2sm2 0 [ cosx]0 f2+[cos2 cosO]
T T
>=5+0-1]=5-1
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Question 7

2
X
7. Evaluate ———— dx
./\/97X2
» Here we use the trigonometric substitution x = 3sin 6, where fg <0< g
»> We have x2 = 9sin?6, dx = 3cosfdf and
V9 —x2=+/9—9sin’0 = 3| cosd| = 3cos b
x? 9sin ¢ 9
> /\/ﬁdx:/ 3co503cosed9:9/sm 0deo.
9 9 in(20
> = 5/(17cos(29))d9: “lo- 5'"(2 4ic
> We have § = sin~! g Therefore
x? 9. . 2sin cos 6
/79_X2 E[sm ( )—72 ]+C
\/7
» Using a triangle, we get cosf = ——— nd/
B2 TneE HE 8 m
2 V9 — x2 /0 — 2
21sin=1 () 9 X X]+C79[S,n1()_xg’7x} c
2 3 2 2 3 9
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Question 8

2x+1 . . . .
8. If you expand 3 as a partial fraction, which expression below would
x3 4+ x
you get?
1 —x+2 2 1
a. — + b. —
x X241 x X241
-1 X 4 —1 N 1 -2 N 1
L — —_—t— e — + ——
R X2 x+1 x  x24+1

L 2x+1 A Bx+C

x(x2+l):x+ x24+1

» Multiplying the above equation by x(x? + 1), we get
2x+1 = A(x*+1)+x(Bx+C) = Ax* + A+ Bx*+ Cx = (A+B)x*+ Cx+A.

» Comparing coefficients, we get A=1, C =2, and A+ B = 0. Therefore
B=-A=-1.
2x+1 1 —x+2

» The partial fractions decomposition of m is therefore X + o
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Question 9

9. The integral

is

a. divergent b. 0 c. In2 d. e.

ol

T

V2
2 1 1 1 2 1

» This is an improper integral/o l_XdX:/o 1_de—|-/1 1_de

1 21
» = [|im / dx + lim / dx.
t—1- Jo 1—x t—1+ ), 1—x

» If one of these integral diverges the original integral diverges.

|
» We have Iim/ 1

t—1+
= lim[=In]=1]+In|l—t|]]=—o0
t—1+

2
dx = lim [—In|1 —x\‘
t—1+ t

dx diverges.

2
1
» Therefore the integral/ 1
0
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Question 10

10. Find the Midpoint Rule approximation (using four intervals) of

4
/dex.
0

1 3 5 7
> idpoi i I =, =, =, =.
The midpoints of the intervals are 22 2 3
> Ax =1.
> My=1 1+9+§+@]=%:21

444 T4 g
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Question 11

11. If 100 grams of radioactive material with a half-life of two days are present
at day zero, how many grams are left at day three?

» We have initial amount mg = 100 and half life ty = 2 days.
» The amount left after t days is given by m(t) = moe* = 100e"" for some
constant k.
» To find the value of k, we use the fact that the half-life is 2 days. This
1 . .
tells us that 50 = 100e%* or 5= e, Applying the natural logarithm to

both sides, we get In 3 = Ine** or —In2 = 2k.

Nle

> Therefore k = =2 and m(t) = 100e~ "% = 100(e"2)"# = 100(2)~
3 100
3v3

> After 3 days, we have m(3) = 100(2)~
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Question 12

dy 4 .
12. Ifxa +3y = ¥ and y(1) = 10, find y(2).

» We put the equation in standard form by dividing across by x.

dy 3 4

dx T x? T 2

» This is a first order linear differential equation.

>

The integrating factor is e/ o g3nx _ 3,
L . d
Multiplying the standard equation by x3, we get x3d—y + 3x2y =4x or
Ix
3
dx’y) _,
dx

Integrating both sides with respect to x, we get
2

x3y:4%+C:2x2+C.

Dividing across by x3, we get y = % + X%
Using the initial value condition y(1) = 10, we get 10 = y(1) =2+ C or
c=8

Therefore y = % + % and y(2)=1+1=2.
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Question 13

13. The solution to the initial value problem
y' = xcos’y y(2)=0
satisfies the implicit equation
2

x ey
a)tan(y) = — — 2 b)*:ecosxfecosz c) cosy =x —1
2

d) cos(y) = x + cos(2) e) Tl — arcsin(x — 2) + e

.. . . . d
» This is a separable differential equation d—y = xcos2y.
X

. d
» We separate the variables }2/ = xdx
cos

> We have /sec2 ydy = /de

X2
» Therefore tany = 5 + C.

. _— . 2?2
» Using the initial value condition, we get y(2) =0 or tan0 = =— + C,

2
giving that 0 =2+ C and C = —2.
2
» Therefore tany = X? -2
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Question 14

14. Use Euler's method with step size 0.1 to estimate y(1.2) where y(x) is the
solution to the initial value problem

y=xy+1 y(1)=0.
>X0:]_7 yO:O
> x1=x+h=11, y1:y0+h(Xoyo+1):0+(0.1)(1~0+1):0.1

> xo=x1+h= 1.27 Y2=y1+ h(X1y1 + 1) =0.1+ (01)((11)(01) —+ 1)
> =01+ 0.1(0.11 + 1) =0.1+ 0.1(1.11) =0.1+0.111 =0.211
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Question 15

s 22n
15. Find >
n=1

3571
20 4 5 5 5
)3 b) 15 vz 93 ) 1

D

O AN S S
n:13'5"*1_n:13'5"*1_3

» This is a geometric series with a = 1st term = 4/3 and r = (2nd term)/
(1st term) = 4/5.

22
3.5

— 2% 4 4 2
PSince|r\<1,wehaveZ =2 /3 _43_2

L4351 1—r 1-4/5 1/5 3’
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Question 16

16. Which of the following series converge conditionally?

(1) Z% (11) Z% am - (_:)" ?
n=0 n=2 n=0

1) converges conditionally, (1) and (I1) do not converge conditionally
1) and (Il) converge conditionally, (111) does not converge conditionally

11) and (1) converge conditionally, (I) does not converge conditionally

(
(
(1) and (l11) converge conditionally, (II) does not converge conditionally
(
(

11) converges conditionally, (1) and (Ill) do not converge conditionally

>

o0 (7 )n oo 1

E ~—— converges absolutely since E — converges.
n? n?

n=1 n=1

(-1)"n . .

E i diverges by the divergence test, since
“~ Inn )

. n . X , .

lim — = lim — = (/"Hop) lim —— = oo.
n—oo Inn x—o0 In x ( p) X—00 1/X

= (—1)" . . .
Z ~——— converges by the alternating series test, however it does not

n
n=0

o0
. 1 .
converge absolutely since E — diverges.
n
n=0
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Question 17

17. Which series below absolutely converges?

oo —1)" 1 oo (—1)n—1 0 (=1)p! oo \/n3 o0 (—1)n—1lgn
,,2::1 2 ,12::1 In(n + 1) 9 ,,2::1 n3 ) ,12::1 n? +1 ) ,12:21 3n
oo 1)n 1 [eS)
> Z converges absolutely since Z o converges.
n=1 n=1
oo )I'I 1 oo 1
> does not converge absolutely since ——— diverges b
ZIn(n+1) & Y ZI(n+1) ges By

n=1

comparison with Z , (n>In(n+1)for n>1.)

n= 1
AN G L bsolutel di by th
Z T oes not converge absolutely since Z 3 iverges by the ratio
n=1 n=1
(n+1)!/(n+1) . . no\3
test. ("L“T :nlmoo(n+1)nﬂ>moo(n+1) oo >1.)
oo \/T oo oo
n
> .
Z o . Zl (which
n= n=
diverges because it is a p-series with p < 1).
)n 1 o

> Z diverges since it is a geometric series with |r| = 3 > 1.
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Question 18

18. The interval of convergence of the series

— (x+3)"
PN

is
a) [-4,-2)  b) (-4,-2) o (-1,1) d) (2,4) e) [2,4]
» Using the ratio test, we get
. x n+1 /n+1 . n
||mn—>oo % = I|mn—>oo |X + 3| i |X + 3|

> The ratio test says that the power series converges if |x + 3| < 1 and
diverges if [x +3| > 1. (R.0.C. =1)

» The power series converges if —1 < x+3 <lor —4 < x < —2.
» We need to check the end points of this interval.
> When x = —4, we get 3.°°, (x+3)" _ soee (=443)" _ P (=D which

n=1"/n =1 Vm v
converges by the alternating series test.
oo (x+3)" 0o —2+3)" oo .
» When x = —2, we get >, % => 0 ( \;) => ﬁ which

diverges since it is a p-series with p =1/2 < 1.
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Question 18

oo
. . x+3)" .
18. The interval of convergence of the series Z u is
n=1 \/E
a) [—4,—2)  b) (—4, —2) 9 (-1,1) d) (2,4) o) [2,4]
» Using the ratio test, we get
31t/ /n+ 1
lim M_ I|m |x + 3| = |x+ 3]
n=eo x4+ 3|"/v/n +1

> The ratio test says that the power series converges if |x + 3| < 1 and diverges if
[x+3]>1. (RO.C.=1)

» The power series converges if —1 < x+3 <lor —4 < x < —2.
» We need to check the end points of this interval.

> When x = —4, wegetz( x+3)" _Z( 4+3)" Z(iwhlch

n=1 \f n=1 \/E \f
converges by the alternating series test.
3 = (—243)" &
» When x = —2, we get Z (Xj_[) = Z + ) Z — WhICh diverges
n=1 n=1

since it is a p-series with p=1/2 < 1.

> Therefore the interval of convergence is [—4, —2).
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Question 19

X (-1 (x—2)" . .
19. If f(x) = Z ——~———"—, find the power series centered at 2 for the function

|
pard (2n+1)!
/ f(t) dt.
o0 (—1)7 (x — 2)M+L S0 (—1)f (x — 2) 1 SO (1) (x — 2)20H1
A, b A, P,
2 ,,X% (n+ 1)(2n + 1)! ) ,,z:% (n2)(2n + 1)! ¢ ,,2::0 (n + 1)(2n)!
00 (1)1 (x — 2)n+1
S (=17 ( )
=0 (n+ 1)

e) The given function can not be represented by a power series centered at 2.

x . . . ()" (x—2)" .
> f(t) dt is the unique antiderivative F(x) = dx with
JRC q () /}n Ty e
F(2)=0.
oo
(=" / (x —2)mt
» We h F(x) = —2)"dx = d. C.
e have F(x) E 2n i) x—2)"dx = E (2n+1 ] Ix +

n=0
> The condition that F(2) = 0 gives that 0 = F(2) =0+ C. Hence C = 0.
S (F1) (x -2

Therefore / f(t)dt = F(x) = Z
2 n

— (2n+1)! n+1

v
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Question 20

20. Which series below is the MacLaurin series (Taylor series centered at 0) for

»2
14+ x
= =) o0, nt+2 =) (—1)"x2”72
) S ()" K2 ZX2n+2 R i = Z( 1)7x20
=0 n=0 n=0nt2 522 n!
1 oo
> = n
We have 1= Zx .

—x) Z( 1)"

n n+2

» Multiplying by x2, we get —

f&
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Question 21

S ru3) L3
o1 fim SNOC) =X

x—0 X9

Hint: Without MacLaurin series this may be a long problem.

a) —3 b) oo c) 0 d) 2 e) §
( 1n 2n+1_ X3 X5 X7
» smx_Z (2n+1)' _x—a—l—a—ﬁ—&—....
9 15 21
» Therefore sin(x3):x3—%+);—!—x7—!+....
9 15 21
sin(x*) —x*  —H A+ -G+ 1 X xP
> Hence 9 = 30 —_gﬁ‘a—?—ﬁ-....
. sin(x®) — x X0 X 1
> = N - - - _ =
Therefore lino 0 lino 6+ 5 7 + ... 6
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Question 22

. . sin x
22. Which series below represents ——7?
X

o0 (_1)nx2n oo (_1)nx2n oo <_1)nx2n o0 (_1)nx2n+1
2 ,;, (2n+1)! ®) ,g) (2n)! ° ,g) n! 9 ,;) (2n)! ?
o n(1/2\ 2n
(=1) x
()
( 1 n 2n+1 X3 XS X7
P> sinx = =X— =+ === +....
Z (2n T 1) 3150 7
1)n 2n X2 X4 X6

sin x
> Therefore 21X — S S S S
eretore = Z(2n+1) IR T
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Question 23

23. Which line below is the tangent line to the parameterized curve
x =cost+2cos(2t), y=sint+ 2sin(2t)
when t=m/2?
a)y=4x+4+9 b)y=—-4x-7 )y=x+3 d)y=-—x+3 ey=1
> dy _ dy/dt
dx  dx/dt
_ cost+ 4cos(2t)
~ —sint —4sin(2t)’

> When t = /2, we have & = =% =4,

Also, when t = /2, the corresponding point on the curve is (—2,1).

v

» Therefore, when t = /2, the tangent line has equation y — 1 = 4(x + 2)
ory =4x+9.
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Question 24

24. Which integral below gives the arclength of the curve x =1 — 2 cos t,
y = sin? (t/2), 0<t<n?

a) / Vasin2 ¢ + sin?(t/2) cos2(t/2) dt b)/ V1 = 2cos(t) + cos2(t) + sind(¢/2) dt

c)/ V1 = 2cos(t) + cos2(t) + sin?(¢/2) cos?(t/2) dt d/ Vasin2 t 4 sind(t/2) dt

/0 \/SII’! (t/2) — 2sin2(t/2) cos(t) dt

> L= [ VO Oy
> x'(t) =2sint and y/(t) = Zsin(t/2) cos(t/2).

. /W \Jasin® t -+ sin?(/2) cos?(t/2)dt
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Question 25

25. The point (2, 117") in polar coordinates corresponds to which point below in
Cartesian coordinates?

a)l (1,-v3)  b) (-v3,1) ¢ (-1,v3) d) (V3,-1) ) Since

N > 27, there is no such point.

> x =rcosf = 2cos(11lm/3) = 2cos(57/3) =1
> y =rsing = 2sin(11n/3) = 2sin(117/3) = 2(—/3/2) = —V/3
» Therefore the point in Cartesian coordinates is (1, —v/3).
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Question 26

26. Find the equation for the tangent line to the curve with polar equation:
r =2 —2cos@ at the point § = /2.

) y=2—x b)y=2—m4+2x ) y=2+— —x d) y=2+2x e y=0
2

» A parameterization of this curve is given by
x=rcosf = (2 —2cosf)cosf = 2cosh — 2cos’ 0.
y=rsind@ =(2—2cosf)sinf = 2sinf — 2cosOsinb
» The slope at any point on the curve is given by
dy/df  2cosf —2[—sin®0 + cos’0]  2cosf + 2sin’ § — 2 cos’ O

dx/do —2sinf —4cosfsinf —2sinf + 4sinf cos
» When 6 = /2, we get Z%Zz = °+f;° =—1.

When 6 = 7/2, the corresponding point on the curve is given by x =0
and y = 2.

» Therefore the tangent is given by y —2 = —x or y =2 — x.
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Question 27

27. Find the length of the polar curve between § =0 and 6 = 27
r=e"’.

a) V2(1—e 2™ b) %(1 —e ) o) 27" d) 2—e72™  g)
27(1 + e727)

B
» The length of the polar curve is given by L = / A2+ (%)%0

dri —0 . o
@— e le—o7 /8—271'

2w 2m
> L:/ mdez/ e "V2do = V2[-e " =
0 0
ﬁ[_e—}/r + eO] _ \/5[1 _ e—27r].
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